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Low-spin collective excitations in
deformed nuclei:

When is a β a β vibration?

P.E. Garrett

Lawrence Livermore National Laboratory, Livermore, CA 94551 USA

Abstract. The 0+
2 level in deformed nuclei has historically been given the label β,

even though its properties vary drastically from one nucleus to another. By reviewing
models from where the original term β vibration arose, and appealing to microscopic
calculations, guidelines are proposed for the properties of a true β vibration. An
examination of available data, including B(E2) values, ρ2(E0) values, and single- and
two-nucleon-transfer populations, shows that very few 0+

2 levels satisfy the criteria for
a β vibration. It is suggested that pairing excitations may be playing a dominant role.

I INTRODUCTION

The existence of a β-vibrational mode arose naturally as a consequence of the
quantization of the Hamiltonian for a deformed liquid drop with surface vibrations
[1]. Since the Kπ = 2+ γ-vibrational mode was observed as the lowest-lying 2+

excitation, it was naturally expected that the lowest-lying excited 0+ state would
be the β-vibrational excitation. As low-lying excited 0+ states in a wide range
of deformed nuclei were observed, they were interpreted as β-vibrational states.
Higher-lying 0+ states were often interpreted as two-quasiparticle excitations. With
the development of techniques for extracting absolute B(E2) values, especially
Coulomb excitation, it was found that the B(E2; 0+

gs → 2+
0+
2

) values displayed a

wide variation over well-deformed nuclei, with variations of orders of magnitude
over a single isotopic chain. The continued practice of labeling the 0+

2 state by “β”,
irrespective of its properties, has reduced the value of the term, and the original
definitions [1,2] of the properties of a β vibration have been lost.

II MACROSCOPIC CONSIDERATIONS

In order to give guidelines as to how a β vibration should behave, it is necessary
to consider its origins. Like the γ vibration, the β mode arose from quantizing the
Hamiltonian of the macroscopic liquid drop. Within the context of the rotation-
vibration model, which is based on th Bohr-Mottelson Hamiltonian (see Ref. [2]
and references therein), the expressions for B(E2) values are
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Assuming a typical rotational parameter of 15 keV, a deformation β◦ = 0.25, a
β-vibrational energy of 1.2 MeV (a typical energy of the first excited 0+ state), a
γ-vibrational energy of 0.8 MeV, and a 2+

gsb → 0+
gs B(E2) value of 150 W.u., these

expressions yield B(E2; 2+
γ → 0+

gs) = 9.5 W.u. and B(E2; 0+
β → 2+

gsb) = 33 W.u.
Also, the B(E2) value for the decay of the 2+ member of the 0+ bands (which
are the ones known in most cases) should have B(E2; 2+

β → 0+
gs) = 6.6 W.u. The

prediction for the γ-to-ground B(E2) value is slightly higher than usually observed
(typically ' 5 W.u.), but the model certainly gives a good guideline as to what one
should expect the magnitude of the β-to-ground band transitions to be.

Another approach is to assert that the β vibration have the same degree of
collectivity as the γ vibration. A manifestation of this assertion is that the intrinsic
matrix elements be similar between the two types of quadrupole vibration. The
B(E2) value is related to the intrinsic matrix element by the relation

B(E2) = (〈IiKi2∆K|IfKf〉〈If ||E2||Ii〉)2(1 + δK1=06=K2). (6)

and using the B(E2; 2+
γ → 0+

gs) value of 5 W.u., as is typical in the deformed rare-

earth region, the B(E2; 0+
β → 2+

gsb) value should be on the order of 12 W.u. In

a similar manner, the B(E2; 2+
β → 0+

gs) values should be on the order of 2.5 W.u.
for the band to be considered as a β-vibrational candidate. However, this rather
small value for the B(E2; 2+

β → 0+
gs) transition must be used with great care, and

possible mixing effects must be considered.
Shown in Fig.1 are the experimentally known B(E2; 0+

2 → 2+
gsb) (top panel) and

B(E2; 0+
gs → 2+

0+
2

) (bottom panel) values. The broad bands indicate the range



FIGURE 1. B(E2) values for the 0+
2 → 2+

gsb transition in W.u. (top panel), as well as the known

B(E2; 0+
gs → 2+

0+
2

) values in single-particle units (bottom panel). The horizontal bands shown on

the figure are the expected values for a true β vibration, as described in the text. The candidates

for 0+
2 levels as β vibrations are limited to 154Sm and 168Yb from the B(E2; 0+

2 → 2+
gsb) data,

and 158Dy, 174Hf and possibly 162Er, 168Yb from the B(E2; 0+
gs → 2+

0+
2

) data.

expected for a good β-vibrational candidate. As can be seen, only in a few cases
do the B(E2) values indicate the possibility of significant β-vibrational strength.

The β vibration should also give rise to enhanced E0 transitions due to the radial
shape oscillations in β. The expression for ρ2(E0) is [3]



FIGURE 2. Values of ρ2(E0) for the first excited 0+ band from the compilation of Wood et al.

[3] for well-deformed rare-earth nuclei. The horizontal band indicates the range of ρ2(E0) values

one would expect for good β vibrations based on the assumption of a B(E2; 0+
β → 2+

gsb) of 12–33

W.u. Only in 162Er has a value been measured which corresponds to the expected value for a β

vibration. The large value for 162Er, however, has been questioned by the authors of Ref. [3].

ρ2(E0;nβ = 1→ nβ = 0) =
B(E2; 0+

gs → 2+
β )4β2

0

e2r4
0A4/3

(7)

where r0 = 1.2 fm and B(E2) is in units of e2fm4. There is no angular momentum
dependence in the ρ2 values, so that the 0+

β → 0+
gs, 2+

β → 2+
gsb, etc., values are

identical. Using the aforementioned B(E2; 0+
β → 2+

gsb) value range of 12–33 W.u.,
one expects a ρ2(E0)× 103 value of 85 to 230 to characterize a valid β-vibrational
candidate. Figure 2 shows the ρ2(E0) values compiled by Wood et al. [3], together
with the “expected” range for a true β vibration.

III MICROSCOPIC CONSIDERATIONS

There are two main contributions to the wave functions of excited 0+ states;
those forming Kπ = 0+ λλ̄ pairs and those forming Kπ = 0+ λµ pairs where µ 6= λ̄.



FIGURE 3. Ratio of two-neutron-transfer cross sections for the first excited state to that of the

ground state. The data are corrected for Q-value effects by DWBA calculations and are plotted

as a function of neutron number for the final nucleus. Significant population of an excited 0+

state implies that the wave function has a significant amplitude of λλ̄ terms. For 160Gd (N=96),
160Dy (N=98), and 180Hf (N=108), the 0+

2 levels were not observed in the (t, p) reactions, while

in 158Gd (N=94), 162Dy (N=96), 168Yb (N=98), and 178Hf (N=106), the 0+
2 levels were not

observed in the (p, t) reactions.

The λλ̄ pairs are pairs of quasiparticles in time-reversed orbits, and dominate when
proper account is taken of the various terms in the Hamiltonian [4]. Zawischa, Speth
and Pal [5] argue that, in analogy to vibrational states in spherical nuclei, a true β
vibration consists of a superposition of a large number of generalized p-h (λµ with
µ 6= λ̄) states with comparable amplitudes. Pairing should have no decisive effect
on a β vibration, but rather should give rise to collective excitations consisting of
a superposition of λλ̄ pairs [5]. The calculations of Ref. [5] revealed that the true β
mode occurs at very high energies, in the giant resonance region, and all low-lying
0+ states (below twice the pairing gap) are of the pairing type.

Wave functions for Kπ = 0+ states that are dominated by λλ̄ terms may be
populated strongly in two-nucleon-transfer reactions. The transfer of a pair of
nucleons coupled to J = 0, L = 0 involves λλ̄ pairs located close to the Fermi
surface. Thus, two-nucleon transfer probes the microscopic components in the
wave function which are of the form λλ̄. As is well known, the ground states of
well-deformed nuclei are populated strongly in (p, t) and (t, p) reactions due to the
large overlap of the wave functions between the N and N ±2 system when the pair
creation or annihilation operator is applied. For strong population of an excited



0+ state, this state must also be composed of many terms in the wave function of
similar form as the ground state.

Shown in Fig.3 are the two-neutron-transfer cross sections, corrected for Q-value
dependence by DWBA calculations, for population of the 0+

2 state relative to that
of the ground state. As can be seen, there are wide variations in the cross section
to the 0+

2 level, but in many cases there are strong populations amounting to
greater than 10% of the ground state strength. This implies that for the (t, p)
reaction there must be significant terms in the 0+

2 state wave function involving λλ̄
terms from above the Fermi surface, whereas for the (p, t) reaction these terms must
involve orbitals from below the Fermi surface. It should be noted that two-neutron-
transfer does not address the issue of proton pairs. Furthermore, the absence of
strong population does not necessarily mean the absence of λλ̄ terms in the wave
function.

As in two-nucleon-transfer reactions, single-nucleon-transfer reactions sample the
microscopic details of the wave functions. In many cases where single-nucleon-
transfer reactions have been performed, the excited 0+ bands are not observed.
The non-population of an excited 0+ band only implies that it does not contain
a significant amplitude of {target configuration}⊗{transferred configuration} and
does not address the nature of the band. However, in those cases where an excited
0+ band is strongly populated, some definite statements can be made. The only
cases known to the author where a 0+ band has been observed have involved those
where the {transferred configuration}={target configuration}, i.e., populating com-
ponents in the final state wave function of the form λλ̄. Some specific examples of
this are in 178Hf [6] and 172Yb [7]. In 178Hf, the (p, α) reaction populated the 0+

2

band stronger than the ground state band. It was concluded [6] that the 0+
2 band

had a dominant component of the 7/2+[404]− 7/2+[404] two-quasiproton configu-
ration. In 172Yb [7], the (d, t) and (t, d) reactions populated the 0+

2 band with 53%
and 9% of the strength of the ground state band, respectively, indicating significant
amplitudes of the 5/2−[512]−5/2−[512] and 1/2−[521]−1/2−[521] two-quasineutron
configurations in the 0+

2 wave function. Large λλ̄ components in the wave functions
of excited 0+ levels are not expected for a pure β-vibrational state, and are more
in line with what is expected for a pairing excitation or a two-quasiparticle state.

IV IMPLICATIONS

When all data are viewed, it becomes clear that there are few good examples for
the 0+

2 level as a β-vibrational state. Only in 154Sm, 158Dy, 162Er, 168Yb, and 174Hf,
do the B(E2) values possibly indicate significant β-vibrational strength.

In 154Sm, the lifetime of the 0+
2 level was recently measured by Krücken et al.

[8], and a B(E2; 0+
2 → 2+

gsb) value of 12(2) W.u. was determined. The population
of this level in the (t, p) reaction with 10% of the ground-state strength indicates
appreciable λλ̄ components in its wave function. While this may be the best ex-
ample to date of a 0+

2 state having a β-vibrational character, it is probably not a



pure β vibration. For 158Dy, the B(E2) value of 2.1(5) s.p.u. for the excitation of
the 2+

0+
2

level is one of the most collective 0+
gs → 2+

0+
2

values measured. However, the

ρ2(E0) value of 27(12)× 10−3 [3] is rather small, and it also receives a significant
population in the (p, t) reaction (12%). In 162Er, the B(E2; 0+

gs → 2+
0+
2

) value has a

very large uncertainty (100%) arising most from a large uncertainty in the lifetime
measurement [9]. The same problem affects the large ρ2(E0) value deduced, and
it has been suggested [3] that the lifetime is considerably longer. For 168Yb, the
B(E2) value of 1.8(2) s.p.u. [10] indicates some collectivity. The B(E2; 0+

2 → 2+
gsb)

value has also been measured [10] to be 14(5) W.u. The ρ2(E0) value of 30(7)×10−3

[3] is somewhat small, but the fact that it was not observed in the (p, t) reaction
and the enhanced B(E2) values make it an attractive candidate for a significant
fraction of the β-vibrational strength. 174Hf was the “classic” example of a 0+

2 state
as a β vibration [1]. It has the largest B(E2; 0+

gs → 2+
0+
2

) value in Fig.1, although

its ρ2(E0) value of 27(13) × 10−3 [3] is small. Two-neutron-transfer data do not
exist for this nucleus.

While it is clear that there are very few good examples of a β vibration, the
question arises as to the nature of the 0+

2 states. In most cases, the energies of
the 0+

2 states are well-below twice the pairing gap energy, indicative of collective
components in their wave functions. Thus, they are probably not predominately
two-quasiparticle states, where various components in the wave function are ad-
mixed in a non-coherent fashion and do not display any collective behaviour. A
Kπ = 0+ two-phonon interpretation has been suggested [11], but must await the
measurement of enhanced B(E2) values for the transition from the 0+

2 level to the
2+
γ state. The few measurements [12,13] which exist to date of the absolute B(E2)

value do not support such an interpretation. As alluded to earlier, the evidence
would appear to favor an interpretation of the majority of 0+

2 levels as pairing ex-
citations. This interpretation has been advanced by Zawischa, Speth, and Pal [5].
Within the QPM, it also appears that the one-phonon states are pairing excitations,
as they are described as being comprised of many two-quasiparticle components of
the form λλ̄. The small B(E2) values for the excitation of the 2+ members of the
0+

2 band, and the large two-neutron-transfer strength observed in many nuclei are
consistent with such an interpretation. In some cases, such as 178Hf [6] and 172Yb
[7], the large cross sections observed in single-nucleon transfer also indicate wave
functions dominated by specific λλ̄ components.

V SUMMARY

A set of guidelines has been proposed for classifying the first excited 0+ states
in well-deformed rare-earth nuclei. For states to be properly labeled as a β vibra-
tion, they should have: 1) B(E2; 0+

β → 2+
gs) values of 12–33 W.u., or conversely

B(E2; 2+
β → 0+

gs) of 2.5–6.6 W.u., 2) ρ2(E0) × 103 values of 85–230, 3) “small”
two-nucleon transfer strengths, 4) small single-nucleon transfer strengths for the



situation where the transferred configuration is the time-reversed target configura-
tion (λλ̄). Very few Kπ = 0+

2 states satisfy these criteria. The properties of the β
vibration presented here stem from the original definition of the state, and these
properties must be followed in order that the term be useful in classifying nuclear
states. It is from the macroscopic picture that the terminology β vibration, or
β phonon, arose, and it is in the macroscopic picture that its definition must be
anchored.

When all experimental data are examined, it is clear that, unlike the γ vibrations,
the properties of the Kπ = 0+

2 state depend on the changing Fermi surface to a
great deal. It is suggested that this behaviour is more indicative of pairing-type
excitations. This interpretation is favored when large strengths are observed to
the 0+

2 state in two-nucleon transfer reactions. That the low-lying 0+ states may
be dominated by pairing terms in their wave functions does not imply that these
states are non-collective; they can be very collective with many terms in the wave
function acting coherently. It should be remembered that B(E2) values are not
the sole indicator of the degree of collectivity that a state possesses. In addition,
excited 0+

2 states may contain admixtures of β-vibrational, two-phonon, and two-
quasiparticle terms, and information from all experimental data must be considered
before making assignments.

This work was performed under the auspices of the U.S. Department of Energy
by Lawrence Livermore National Laboratory under DOE contract no. W-7405-
Eng-48.
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